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1-1 Starting from the integrable two-loop spin-chain Hamiltonian describing the anoma- 

lous dimensions of scalar operators in the planar J\f = 6 superconformal Chern-Simons 
theory of ABJM, we perform a direct coordinate Bethe ansatz computation of the cor- 
responding two-loop S'-matrix. The result matches with the weak-coupling limit of the 
(T) scalar sector of the all-loop S'-matrix which we have recently proposed. In particular, 

t— I we confirm that the scattering of A and B particles is reflectionless. As a warm up, 

we first review the analogous computation of the one-loop S-matrix from the one-loop 
dilatation operator for the scalar sector of planar M = 4 superconformal Yang-Mills 
theory, and compare the result with the all-loop SU{2\2) 2 S-matrix. 
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1 Introduction 



Exact factorized S-matrices pQ play a key role in the understanding of integrable models. 
Planar four-dimensional M = 4 superconformal Yang-Mills (YM) theory (and therefore, 
according to the AdS^/CFT^ correspondence [2], a certain type IIB superstring theory on 
AdS 5 x S 5 ) is believed to be integrable (see [3]-[n] and references therein). A correspond- 
ing exact factorized S-matrix with SU (2 1 2) 2 symmetry has been proposed (see [T]-[T1] and 
references therein), which leads [8j [151 US] to the all-loop Bethe ansatz equations (BAEs) 

D2I- 

Aharony, Bergman, Jafferis and Maldacena (ABJM) [18] recently proposed an analogous 
AdS^/ CFT 3 correspondence relating planar three-dimensional M = 6 superconformal Chern- 
Simons (CS) theory to type IIA superstring theory on AdS^ x CP 3 . Minahan and Zarembo 
[19] subsequently found that the scalar sector of M = 6 CS is integrable at the leading 
two-loop order, and proposed two- loop BAEs for the full theory (see also [20J). Moreover, 
evidence for classical integrability of the dual string sigma model (large-coupling limit) was 
discovered in [2H 1221 123]- On the basis of these results, and assuming integrability to all 
orders, Gromov and Vieira then conjectured all-loop BAEs [24] . 

Based on the symmetries and the spectrum of elementary excitations [T9l 1251 [26] . we 
proposed an exact factorized AdS^/CFT^ S'-matrix [28J. As a check, we verified that this 
S'-matrix leads to the all-loop BAEs in |24j . An unusual feature of this S- matrix is that the 
scattering of A and B particles is reflectionless. (A similar S-matrix which is not reflectionless 
is not consistent with the known two-loop BAEs [29J.) For further related developments of 
the AdS^/CFTs correspondence, see |30j and references therein. 

Considerable guesswork has entered into the above-mentioned all-loop results. While 
there is substantial evidence for the all-loop BAEs and S-matrix in the well-studied AdS^/CFT^ 
case, the same cannot be said for the rapidly-evolving AdS^/CFT^ case. 

In an effort to further check our proposed S-matrix, we perform here a direct coordinate 
Bethe ansatz computation of the two-loop S-matrix, starting from the integrable two-loop 
spin-chain Hamiltonian describing the anomalous dimensions of scalar operators in planar 
M = 6 CS |19j . The result matches with the weak-coupling limit of the scalar sector of our 
all-loop S-matrix [2H]. In particular, we confirm that the scattering of A and B particles is 
reflectionless. As a warm up, we first review the analogous computation by Berenstein and 
Vazquez [5] of the one-loop S-matrix from the one-loop dilatation operator for the scalar 
sector of planar M = 4 YM |3j, and compare the result with the all-loop S£7(2|2) 2 S-matrix. 

The outline of this paper is as follows. In Sec. |2]we review the simpler case of M = 4 YM. 
In Sec. [3] we analyze the M = 6 CS case, relegating most of the details of A — B scattering 
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to an appendix. We briefly discuss our results in Sec. |4} 



2 One-loop /S-matrix in the scalar sector of J\f = 4 YM 

As is well known, M = 4 YM has six scalar fields (i = 1,...,6) in the adjoint 

representation of SU(N). It is convenient to associate single-trace gauge-invariant scalar 
operators with states of an SO(6) quantum spin chain with L sites, 

tr^Ox)---^^) & (2.1) 

where $j on the RHS are 6-dimensional elementary vectors with components = 5ij. 

The one-loop anomalous dimensions of these operators are described by the integrable 5*0(6) 
quantum spin-chain Hamiltonian [3] 



(2-2) 



where A = g\ M N is the 't Hooft coupling, V is the permutation operator, 

V ® $j = <5>j <g> $i , (2.3) 

and the projector K acts as 



(2.4) 



It is convenient to define the complex combinations 

X = $ 1 + z$ 2 , F = $ 3 + ^4, Z = $ 5 + i$ 6 , (2.5) 
and to denote the corresponding complex conjugates with a bar, X = $i — z$2) etc F° r 

x,y,Y,z,z}, 

P 01 ® 2 = 2 ® 01 , (2.6) 

and 

;r0i®02 = <; _ _ _° . _ _ if01 ^ 2 .(2.7) 
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2.1 Coordinate Bethe ansatz 



We take \Z L ) as the vacuum state, which evidently is an eigenstate of H with zero energy. 
One-particle excited states ( "magnons" ) with momentum p are given by 

L 

wp)>*=5>*i*>*, ( 2 - 8 ) 

x=l 

where 

1 X L 

\x) 4l =\Z---Z<f>Z---Z) (2.9) 

is the state obtained from the vacuum by replacing a single Z at site x with an "impurity" 
0, which can be either X ,X ,Y,Y (but not Z, which can be regarded as a two-particle 



bound state). Indeed, one can easily check that (2.8) is an eigenstate of H with eigenvalue 
E = e(p), where 

e(p) = 4sin 2 Qo/2). (2.10) 



In order to compute the two-particle S'-matrix, we must construct all possible two-particle 
eigenstates. Let 

1 x l x 2 L 

| J- I J. 

Wftfa = I Z ■ ■ ■ 0i • • • 4>2 ■ ■ ■ Z) (2.11) 

denote the state obtained from the vacuum by replacing the Z's at sites x\ and £2 with 
impurities and 02, respectively, where x\ < Xi- Following Berenstein and Vazquez [5], we 
distinguish the following three cases: 



0i = 02: 

The case of two particles of the same type (i.e., 0i = 2 = G {X ,X,Y, Y}) is equiva- 
lent to the well-known case originally considered by Bethe in his seminal investigation 
of the Heisenberg model. (See, e.g., the review by Plefka in [6].) The two-particle 
eigenstates are given by 

\i(>) = ^2 f(? 1 ,X2)\x 1 ,x 2 ) < M, (2.12) 

Xl<X2 

where 

f(xi,x 2 ) = e ^ PlXl+P2X2) + S(p 2 , Pl ) e liP2Xl+PlX2) . (2.13) 
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Indeed, these states satisfy 



with 



H\ib) =E\ 



E = e( Pl ) + e(pa) 



(2.14) 



(2.15) 



where e(p) is given by (2.10). It also follows from (2.14) that the S-matrix for <p — 
scattering is given by 



S(p2,Pi) 



U2 — U\ + i 
U2 — U\ — i 



where Uj = u{pj) and 



u(p) = -cot(p/2) 



(2.16) 



(2.17) 



h ± 02= 

If the two particles are not of the same type, but <pi ^ 2 , then the two-particle 
eigenstates are of the form 



Xi<X 2 



where 



i ^(x 1 ,x 2 ) = A Mj (12) e ^ +p '^ + A^.{21) e ^ + ^ . (2.19) 



One finds [5J 



^01^2(21) 

^02<Al( 21 ) 



R(P2,Pi) T{p 2 iPl) 
T(j>2,Pl) R(p2,Pl) 



A <t>i<t>2 (12) 

^02</>l( 12 ) 



where the transmission and reflection amplitudes are given by 

U2 — u\ „, , i 



T(p 2 ,Pi) 



U2 — U\ — 1 



R(P2,Pl) 



U2 — Ui — I 



(2.20) 



(2.21) 



respectively. 

>1 = 02 = 

In the case </>i 



I2 ^ {X , X , Y, Y}, the two-particle eigenstates are given by 
/ ' j ^ {fwixi, ^2) \xi, £2)^ + f$<f>{xi, X2) \x\, x 2 )^} 



a;i<X2 <b=XY 



+ J2fz(xi)\x 1 ) 



z ■ 



(2.22) 



.i-i 



where /^(xi, x 2 ) are again given by (2.19), and 

fz(xi) = A 2 e 

One finds [5] 



i(pi+P2)zi 



/ A XX {21) \ 
A xx {21) 

Ayy{2l) 
V Ayy{2\) J 

where 



/ R(P2,Pi) T(p 2 ,pi) 

T(p 2 ,pi) R(p2,Pi] 

S(p2,Pl) S(p 2 ,P\) 

\ S(p2,Pl) S(p 2 ,pi) 



T(p 2 ,Pi) 

R(P2,Pl) 
S(P2,Pl) 



S{P2,Pi) 
S(P2,Pl) 
R(P2,Pl) 

T(p 2 ,Pi) 



S(P2,Pl) \ 
S(P2,Pl) 

R(P2,Pl) ) 



(U 2 - Ml) 2 


{u 2 


-Ml - i)(u 2 - 


Mi + i) 




-1 




{u 2 


-Mi -i){u 2 - 


Mi + i) 




-i{u 2 - Mi) 





(u 2 - Mi - i)(u 2 -ui + i) 



(2.23) 



/ A xx (12) \ 
A xx (12) 
A YY (12) 
V A Y y{l2) J 



,(2.24) 



(2.25) 



2.2 Comparison with the all-loop ^-matrix 

We now wish to compare the above scattering amplitudes with the weak-coupling limit of 
the all-loop SU (2|2) ®SU (2|2) S- matrix [8]-[Tl]. This check has not (to our knowledge) been 
presented elsewhere, and will serve as a useful guide for the Af = 6 CS case. It is convenient 
to express the latter in terms of two mutually commuting sets of Zamolodchikov-Faddeev 
operators A](p) , A\(p) (i = 1, . . . , 4), 

A\( Pl )A](p 2 ) = ^5o(p 1 ,p 2 )^'/(p 1 ,p 2 )4(p 2 )4(p 1 ), 

i',3' 
i'j' 

A\{ Pl )A){p 2 ) = A){p 2 ) A\{ Pl ) . (2.26) 
We identify the scalar one-particle states as follows, 

X{p) = A\(p)Al(p), X(p) = 4(p)A\(p), 
Y(p) = 4(p)Al(p), Y(p) = A\(p)A\(p). (2.27) 
The only non- vanishing amplitudes in the scalar sector are 

Sr a (PnP2) = A, S a a l{ Pl ,p 2 ) = \{A-B), S b a a b ( Pl ,P2) = l(A + B), (2.28) 
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where a , b G {1,2} with a ^ b. Here 

X 2 ~ X l~ 



37o Xi 



B 



nf />■ "I - Z' />"» r>-» I \ ( rr> ^~ \ ( T* I <-y»~T - \ 

x 2 x l _i_ o v 1 1 /v x 2 x 2/l x 2 ~r x l / 



(<-y nf \ ( ff Of T' Of 

x l x 2 I \ x \ x 2 x l x 2 

where xf = x(pi) ± with 

x + ■ ,1 1 i 

— = e p , x + + — - x = -, 

x~ x + x~ g 

and g = vA/(47r). Moreover, the scalar factor is given by 



X 2 x i 



(2.29) 



(2.30) 



+ i L 



q ^ xi : 2 v(pi,p2?, 

ry 1 /y 1 _ 

,Jb ~y 2 J- -|- 



where <r(pi ,£>2) is the BES dressing factor p2J [Hj. In the weak-coupling (g 



x - I u ± 
<? V 2 



Therefore 



and 



.4 



Ui - u 2 + i 
U\ — u 2 — i 



B 



(2.31) 

0) limit, 

(2.32) 

(2.33) 



2 Ui — U 2 — I 



s 

° Ml - U 2 + Z ' 

since a{pi ,p 2 ) — ► 1. 

For two particles of the same type, the scattering amplitude is evidently given by 

,2 ^2 s u 1 -u 2 + i 
u\ — u 2 — i ' 



(2.34) 



5(pi,P2)= So(pi,p 2 )OPi,P2) =5 M 



(2.35) 



in agreement with (2.16). 



We now consider the case 4>i 7^ 02, e.g., 

X( P i) Y(p 2 ) = T( Pl , P2 ) Y(p 2 ) X(pi) + R( Pl , P2 ) X( P2 ) Y( Pl ) . 



(2.36) 



It follows from (2.26)-(2.28) and (2.33), (2.34) that 



T(pi,p 2 ) 

R(Pl,P2) 



l -SlA{A - B) - 

2 v ; U\ — u 2 — i 

-SnA(A + B)^ 

2 v ' u x -u 2 -i 



(2.37) 
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in agreement with (2.21). 



Finally, we consider the case 0i = 4> 2 , e.g., 

X( Pl )X{p 2 ) = T( Pl , P2 )X{p 2 )X{p 1 ) + R{p 1 ,p 2 )X( P2 )X{p 1 ] 
+ S( Pl ,p 2 ) Y(p 2 ) Yip,) + S( Pl ,p 2 ) Y(p 2 ) Y( Pl ) . 



It follows from ( [2~26| -( [2T28| and ( |2~33| , ( [2T34| ) that 

1 



T( P i, P2 ) 

R(Pl,P2) 
S( P 1, P 2) 



X(a - By 



(ui - u 2 y 



S 2 Q (A + By 



(ui —u 2 — i)(ui - u 2 + i)' 
-1 



(ui -u 2 - i){ux -u 2 + i) 
S* (A-B)(A + B) ^- M2) 



(2.38) 



(2.39) 



(ui -u 2 - i)(ui —u 2 + i)' 

in agreement with ( 2.25[ )j T | 

In short, the all-loop AdS^/CFT^ ^-matrix correctly reproduces the M = 4 YM one-loop 
scalar-sector scattering amplitudes, as expected. In the next section, we perform a similar 
check of the AdS^/CFT^ S'-matrix. 



3 Two-loop S'-matrix in the scalar sector of Af = 6 CS 

The M = 6 CS theory [TB] has a pair of scalar fields Ai(x) (i = 1,2) in the bifundamental 
representation (N, N) of the SU(N) x SU (N) gauge group, and another pair of scalar fields 
Bi(x) {i = 1,2) in the conjugate representation (N,N). These fields can be grouped into 
ST/ (4) multiplets Y A (x), 

Y A = (A, , A 2 , B\ , B\) , Y\ = (A\ , A\ , B x , B 2 ) . (3.1) 

Following [19], we associate single-trace gauge-invariant scalar operators with states of an 
alternating 5'[/(4) quantum spin chain with 2L sites, 

tr Y Al (x) Yl (x) ■ ■ ■ Y Al (x) Yl L (x) & \Y A - ■ ■ ■ Y Al Y^ l ) , (3.2) 

where Y A on the RHS are 4-dimensional elementary vectors with components (Y A )j = 
Saj- The two-loop anomalous dimensions of these operators are described by the integrable 



1 Thcre is a sign discrepancy in S{pi,p2) which perhaps can be reconciled by a gauge transformation in 



(2.381, e.g., Y —> —Y while leaving others unchanged. 
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alternating SU(A) quantum spin-chain Hamiltonian 

2L / i \ 

r = X 2 H , H = J2 [1 - n,i+2 + ^{Ki, l+ x , V lM . 2 }J , (3-3) 

where A = N/k is the 't Hooft coupling^ V is the permutation operator, and the projector 
K acts as 

4 4 

k y A <g> yj = ^ y c ® y ] c , K yj ® y A = 6i ^ y<t ® y c . (3.4) 



That is, 



£7=1 C=l 

2 

KA^A) = KBj®B j = 5 ij ^2(A k ®Al + Bl®B k \ 

k=l 
2 

KA\®A j = KB l ®B] = 5 ij s ^( K A\®A k + B k ®B 



t 

it y ' 



fc=i 



ATA* ® S 3 - = if ® A,- = #Aj <g> Sj = if St <g> At = 0. (3.5) 
3.1 Coordinate Bethe ansatz 

Following [2S1I2S], we take the state with L pairs of (AiBi), i.e., 

WiBtf) (3.6) 

as the vacuum state, which evidently is an eigenstate of H with zero energy. It is convenient 
to label the (A\Bi) pairs by x G {1,. . . , L}. There are two types of one-particle excited 
states with momentum p, called "A-particles" and "/3-particles." The former are given by 

L 
x=l 

where 

1 x L 

\x)$ = \(A 1 B 1 )...(<f>B 1 )...(A 1 B 1 )) (3.8) 

is the state obtained from the vacuum by replacing the A\ from pair x with an "impurity" 
(ft, which can be either A2 or B\ (but not Bl, which can be regarded as a two-particle bound 
state). Similarly, the "/3-particles" are given by 

L 

i^(p)>j = E e *"i a; >?' ( 3 - 9 ) 

x=l 

2 The action has two SU(N) Chern-Simons terms with integer levels k and —k, respectively. 
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where 



\x) B 4> = \{A 1 B 1 )...{A l <j ) ).--{A 1 B 1 )) (3.10) 

is the state obtained from the vacuum by replacing the B\ from pair x with an "impurity" 
0, which can be either A\ or B 2 (but not A\, which can be regarded as a two-particle bound 
state). Indeed, both (3.7) and (3.9) are eigenstates of H with eigenvalue E = e(p), where 
e(p) is given by (2.10). 

In order to compute the two-particle S-matrix, we must construct all possible two-particle 
eigenstates. 



3.1.1 A — A scattering 



Let 



\x 1 ,x 2 )^ 2 = \(a!b 1 )-..(^B 1 ) 



x 2 L 

i 2 Si) • • • (Aifli)) 



(3.11) 



denote the state obtained from the vacuum by replacing the Ai's from pairs X\ and x 2 with 
impurities 0i and 2 , respectively, where x\ < x 2 and <pi G {A 2 ,B\}. We distinguish two 
cases: 



The case of two ^4-particles of the same type (i.e., <\>\ = <p 2 = <p G {A 2 , B 2 }) is again 
the same as in the Heisenberg model. The two-particle eigenstates are given by 

\^) = ^2 f(x 1 ,x 2 )\x h x 2 )f^ (3.12) 



Xl<X2 



where f(xi,x 2 ) is given by ( |2.13[ ). These states have energy (2.15), and the S-matrix 

u 2 — Ui + i 



is again given by (2.16) 



S(P2,Pi) 



(3.13) 



U 2 — U\ — I 

If the two ^4-particles are not of the same type (e.g., 0i = A 2 , 2 = -Bj), then the 
two-particle eigenstates are of the form 

l^> = {f*i<h( x u x 2) \ x ^ x ^)i 1 i 2 + f^ii^^) \xi,x 2 )$£) , (3.14) 



X\<X2 



where f^Ax^x 2 ) is again given by (2.19). Since K on these states is zero, the S- 

R(P2,P1) = :• (3.15) 



matrix is again given by (|2.21|) 
T(p 2 ,Pi 



U 2 - Ui 



U 2 — U\ — I 



U 2 — U\ — I 
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3.1.2 B - B scattering 



Let 



ki, x 2 )BB, = | (A 1 B 1 ) ■ ■ ■ (A 1 fa) ■ ■ ■ (AM ■ ■ ■ (A^)) 



(3.16) 



denote the state obtained from the vacuum by replacing the Si's from pairs x\ and x 2 with 
impurities fa and 02, respectively, where x\ < x 2 and fa G {A\ ,B 2 }. The eigenstates with 



two ^-particle are given by expressions similar to those with two ,4-particles (namely, (3.12) 

\BB 

k<i>] 



and (3.14) with |xi,x 2 ) 



AA 



\ x ii X 2)s^> )> an d we obtain the same results (3.13), (3.15) for 



the scattering amplitudes . 



3.1.3 A-B scattering 



In order to analyze A — B scattering, we define the states 



(AM 



xi X2 L 

• • • (AM ■ ■ • ^M) 



x 2 L 

M---(AM), 



|si,*2>&?x = \{A l B 1 )...(AM-- 
where x\ < x 2 and fa G {A 2 , 5 2 }, fa G {A\ , B 2 }. We distinguish two cases 



(3.17) 



If fa 7^ 02 ( e -§-5 0i = ^2 , 02 = -B2), then K on the states (3.17) is zero. As noted in 
[19], we are left with two decoupled SU(2) chains on the even and odd sites. Hence, 
there is trivial scattering between A and B particles. 



h = 02 = 



If 0i = 02 (e.g., 0i = A 2 , 02 = A 2 ), then the eigenstates are given by 

Yl {/^(xi,x 2 )|xi,x 2 )^ + /^(xi ) a; 2 )|xi,X2)^} 



X1<X2 0=A 2 ,Bj 



z 

+ J2J2{ f A k Al( X l)\ X l)A k Al +f B lB k M\ X ^Bl 



k B k f ' 



(3.18) 



where 



Xl fc=l 



1 x L 

|o;W = I (AiSO • ■ • (0,0,-) ■ ■ ■ (AM) 



(3.19) 



10 



is the state obtained from the vacuum by replacing the (AiBi) pair at x with 
We assume that f 



(xi,x 2 ) are again given by (2.19), and 



f^(x 1 ) = A 4> ^e^ + ^. 
After a lengthy computation (see the Appendix for further details), we find 



(3.20) 



I A MAl {2l) \ 

\ ^(21) J 
where 



/ T(p 2 , Pl ) S(p 2 , Pl )\ 



T(p2,Pi) 
S(p 2 ,pi) 

V s(p 2 ,pi) o 



Ui — u 2 



S(p2,Pi) 

T(p 2 ,p 1 ] 
T(p 2 ,pi) 



S{P2,Pl) 



I ^Al(12) \ 



^ B t B2 (12) 



(3.21) 



«i — U2 — i 
Note that the scattering is reflectionless. 

Similar results can be obtained for B — A scattering. 



U\ — u 2 — % 



(3.22) 



3.2 Comparison with the all-loop 5-matrix 

We now wish to compare the above scattering amplitudes with the weak-coupling limit of 
the all- loop S77(2|2) S- matrix [28J. It is convenient to express the latter in terms of two sets 
of Zamolodchikov-Faddeev operators A\{p), B[{p) (i = 1, • • • ,4) corresponding to the A, B 
particles, respectively, 

s o(Pi>P*) Sif(p!,p 2 ) Af(p2) A\{pi) , 



A T (Pi) A}(P2) 

Bt(pi) B](P2) = ^Sofa^St'fipuPt) 4(p 2 ) Blip 

i',f 

^2s (pi,P2)Sif(p l7 p 2 ) A]>(p2) Bl(p 



I) , 



B]{px) A)(P2) 



(3.23) 
(3.24) 
(3.25) 
(3.26) 



The absence of A]>{p2) B v {pi) terms on the RHS of (3.25) (and similarly, of B\{j>2) Al'(Pi) 



terms on the RHS of (3.26)) means that the scattering is reflectionless. 
We identify the scalar one-particle states as follows, 

a\(p)\o) = $>*"i*>i, A(p)\o) = Y, etpx \ x Ki 

X X 

B\(p)\0) = J>^)I 2 , d(p)|0) = X;e* tt k>; t . 



(3.27) 
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The S77(2|2) S'-matrix elements S\i (pi,p 2 ) are the same as before (2.28), (2.29), where 



x 



satisfy ggjj ) and [251 EQ E7] 

9 = ^(A) , (3.28) 
with h(X) ~ A for small A, and h(X) ~ a/A/2 for large A. The scalar factors are given by (cf. 



(2.31)) 



So(pi ,P2) = ±L T^v(Pl ,P2) 

1 - + 

In the weak-coupling (g — > 0) limit, 



<So(Pi ,^2) 



x 1 



So 



Ui — U2 — 1 
u\ — u 2 + i 



i*( Pl ,p 2 ). (3.29) 



(3.30) 



3.2.1 A — A scattering 

For two A particles of the same type (i.e., both Aa with a G {1, 2}), the scattering amplitude 
is evidently given by 

ui — u 2 + i 



S(pi,p 2 ) = So(pi,P2)S%"(p 1 ,p 2 ) = S A 



u± — u 2 — I 



(3.31) 



in agreement with (3.13). Although the same expression also appears in the M = 4 YM case 



(2.35), note that the latter follows from the all-loop S'-matrix (2.26) in a rather different 



way. 



For two A particles of different type (i.e., Aa and At with a,b e {1,2} and a 7^ b), it 
follows from fl3~23j ), g2§ , fl2~33| that 



Al(pi) A(P2) = T{p x ,p 2 ) Al(pi) AliPi) + R{pi,P2) Alfa) A\ipx) , (3.32) 



where 



Tfa, P2 ) = Wa -b)^ Ul U2 . 

2 U\ — u 2 — % 
Rfatto) = IS (A + B)^ : 

2 Ui — u 2 — % 



(3.33) 



in agreement with (3.15). Again, the same expressions arise in the M = 4 YM case (2.37) 
in a different way. 



3.2.2 B - B scattering 



According to (3.24), the B~B and A~ A scattering amplitudes are equal, in agreement 



with the results from Sec. 13. 1 .21 
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3.2.3 A - B scattering 



According to (3.25), the Aa — B a scattering amplitude is 

So(pi,P2)S a a a a (p uP2 ) = S A^l 



(3.34) 



in agreement with the results from Sec. 3. 1.3 for the case 0i ^ <p 2 . Note that the scalar factor 



S (3.29) is essential for obtaining this result. 



For Aa ~ Bb scattering (with a,b 6 {1, 2} and a ^ b), it follows from (3.25) that 



Alipi) B\{P2) = T(p uP2 ) Btfa) Al(pi) + S(p 1 ,p 2 ) Btfa) A(pi) , (3.35) 

where 

T(pup 2 ) 

S{pi,p 2 ) 
which agrees with ( |3.22[ )f1 



\S o{ A - B) -HiZ* 
2 Ui — u 2 + i 

\~S {A + B)^ 

2 Ui — u 2 + % 



(3.36) 



4 Discussion 



We have found that the all-loop AdS^/CFT^ ^-matrix (3.23) - (3.26) correctly reproduces 
the M = 6 CS two-loop scalar-sector scattering amplitudes. The scalar factors (3.29), 



which differ from the AdS§/CFT± scalar factor (2.31), play a crucial role. In particular, we 



have confirmed that the scattering of A and B particles is reflectionless. This gives greater 
confidence in the correctness of the all-loop S-matrix, and in the corresponding all-loop 
BAEs pM]. 

We have restricted our analysis to the scalar sector of Af = 6 CS, since this is the 
only sector for which an explicit Hamiltonian has been available |19j . Very recently, the 
Hamiltonian for the full two-loop OSp(6\4) spin chain has been found [311 [32]. Hence, it 
should now be possible to extend the present analysis to other sectors, and thereby further 
check the all-loop S'-matrix. 

It would also be interesting to extend the present analysis beyond two loops. This could 



provide further information about the important function h(X) (3.28) and the dressing phase 
in the S'-matrix. However, such an analysis must wait until the higher-loop Hamiltonian 
becomes available. 



3 Thcre is a sign discrepancy in S(px,p2)- However, the sign of S{p\,p2) in (3.351 can be changed by a 
gauge transformation, e.g. by changing Ai —> — Ai and leaving A2 ,Bi , Bi unchanged. 
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A Details of A — B scattering 



In order to determine the A~B scattering amplitudes, it is necessary to act with the Hamil- 



tonian H (3.3) on the state (3.18). We catalog here the action of H on the various terms: 

- \ Xl , x 2 - I)** - \x x , x 2 + l)± 1 for x 1 <x 2 -l, 



(A.l) 



H\ Xl ,x 1 + l)" 



4\xi,x 1 + l) 



AB 

AB 



\AB 



\x 1 -i,x 1 + i)^ 4 -\x 1 ,x 1 + 2y A2A , 



(A.2) 



H\ XuXl + l)^ B2 



4\x 1 ,x 1 + - \x x ) BlBo - \x x + l)j 



B'B 2 ^^B\B 2 ' 1 ' B\ B 2 



|x 1 -l,x 1 + l)^f B2 -|x 1 ,x 1 + 2)^ B2 



(A.3) 



H\x u x l + 1)^ A2 



A\ Xl , Xl + l>^ | X1> 



U 2 



:\ x ^ + 1 )a 2 a\ 



11 11 



2' 



B 2 B 2 1 2 1 /B 2 B 2 
\AB 



\ Xl -l, Xl + l)^ A2 -\ Xl , Xl + 2)^ A2 



(A.4) 



\AB 



H\ Xl , Xl + iy B2M 



4|x 1 ,x 1 + l)^--|o; 1 ) R , 



B 2 ,Bl 2 r ~ ±,B 2 B * T lB 2 B 2 



:|xi + l>. 



+ \\ X ^B\ Bl + ll^l + 1 )b\ Bi + I^OA^t + gkl + l) Al A{ 



+ 2 |xi ^ 2 4 + 2 |Xl + 1) 



\AB 



\ Xx -l, Xl + l)*l Bl -\ Xl , Xl + 2) B2)BV 



(A.5) 
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H \ X ^A xA \ = 3 l X l)A 1 At-okl-l)AM!-ol a; l + 1 ). 



A±A[ 2 ' I A\A\ 2 ' 'MA\ 

I 1 

+ 2\ x Va,4 + 2 |xi + ^a 2 aI + \ x i)bI Bi + Fi + 1 )bJb 1 

II 1 



1 



1 



1 



+ -\xi ,xi + 1)^1 Aa + oki - 1 >zi)l: n t + oki ' x i + x ) 



B 2 ,Bl 



\AB 

B 2 ,B. 



t ) 



(A.6) 



A 2 A 2 



41^)^ ■ 2 



' + - 1 )a 1 a1 + h x i) 



AiAl 



1 



1. . 1 



2 

'4,A 2 



AB 

a 2 ,a\ 



2^^ + 1 KlA 2 



\AB 



+ -bi - 1 ,Xi) AB t + -bi ,xi + 1)- 



(A.7) 



3|xi> 



1 1 

B n f B, ~ oFl ~ l/Btfl! ~ oFl + l/B+B! 



1 



+ 2 |xi " l) ^4 + 2 |xi) ^4 + 2 |xi ~ 1 ' Xi) 4 B a 2 



+ + I)*? + - l,Xi)^ B Ht + + 1) 



B 2 ,Bj 



AB 
' B 2 ,B. 



t ' 



(A.i 



H \ x i)bIb 2 = 4 \xi)bIb 2 + \\ x i)b\b 1 + \\ x ^ + 1 )b\b 1 

+ 2^ ~ ^4 + ^0^1 + 2 l x i ^ j x ^"a\,a 2 



2 'B2.BJ 2 'S2,B| 



(A.9) 



The appearance of terms of the form |x) AfcA t and |^) B t Bfc (k = 1,2) on the RHS of (A.2)-(A.5) 



explains the need for such terms in the eigenstate (3.18) 



With the help of the above results, the eigenvalue equation 

H\iJ>) = E\iP) 



(A.10) 
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with and E given by (3.18) and (2.15), respectively, leads to the following equations for 
the amplitudes: 



3 (g«(pi+P2) _|_ g-i(pi+P2)^ _ 



A 



+ (1 + ^ Pl+P2) ) (\a a2a1 + A B{Bi + l -A BlB ^ 



+ -(e ip2 +e~ tpi 



+ -{e^+e~ ip2 



(A.H) 



= hi + e ^^)A AiA + (A-E)A^ A + hl + ^^)A Bl 



By 



W2 I 



+ (e ip2 + e 



ipi , „-^P2^ 



+ fe ,w + e 



-^A 2 4( 21 )-^AtA 2 ( 21 ) + ^B 2B t(21i 



(A.12) 



+ 



(1 + e~ i{pi+P2) ) 
1 



3 -2 [t 



i(pi+P2) 



+ e~ i{pi+P2) ) - £ 



+ -ifto+e-*) A A] {l2) + A BoBl {l2) 



1 , 



+ -(e^+e-^) A 4Aa (21)+A fl , Bl (21) 



(A.13) 



1(1 + e-^+^))A AiA{ + 1(1 + e^ +P2 ^)A B{Bi + (4 - £)A 



«P2 I „-«Pl x 



+ (e ip2 + e 



vpi I -«P2 x 



+ (e ipi +e 



AtB 2 (12) + ^4^ 2 (12)-^ B2B t(12) 
At B2 (21) + ^u(21)-^ B2B t(21) 



(A. 14) 



e<w(4 _ e"^ 1 - e ip2 - E)A AaAl (12) + e ipi {A - e~ ip2 - e tpi - E)A ma1 (2\) 



MA' 



(1 + e i{pi+P2) )A 



A 2 A 



t , 



(A.15) 
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= e ip2 (4 - e~ ipi - e ip2 - £?) A B t Ba (12) + e ipi (4 - e~ ip2 - e ipi - E)A B ^ (21) 

- (l + e^ +p ^)A BlB2 , (A.16) 



= e ip2 (4 - e" ipi - e ip2 - E)A A , A (12) + e ipi (A - e~ ip2 - e ipi - E)A A t A (21) 

+ ^(1 + ^ (P1+P2) ) ' A MA\ + ^t Bl + A BlB2 ) , (A.17) 

= e ip2 (4-e- ipi -e ipa -E)A B2B t(12) + e <Pl (4-e- iP2 -e ipi -E)A B2B t(21) 

+ ^(1 + ^ Pl+P2) ) (A AlA + A MAl + A B{Bi - A B>2 ) . (A.18) 
Eliminating A AkA t , ^ B \ Bk (k = 1,2), and then solving for the (21) amplitudes in terms of 



the (12) amplitudes, we arrive at the results (3.21), (3.22). 
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